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1 Introduction
The twisted Heisenberg-Virasoro algebra HV ir has been first studied by Ar-
barello et al. in Ref. [1], where a connection is established between the second
cohomology of certain moduli spaces of curves and the second cohomology of
the Lie algebra of differential operators of order at most one:
LHV = {f(t)
d
dt
+ g(t)|f, g ∈ C[t, t−1]}.
As a vector space over C, HV ir has a basis {L(m), I(m), CL, CI , CLI ,m ∈
Z}, subject to the following relations:
[L(m), L(n)] = (n−m)L(m+ n) + δm+n,0
1
12
(m3 −m)CL;
[I(m), I(n)] = nδm+n,0CI ;
[L(m), I(n)] = nI(m+ n) + δm+n,0(m
2 −m)CLI ;
[HV ir, CL] = [HV ir, CI ] = [HV ir, CLI ] = 0.
Clearly the Heisenberg algebra H = C{I(m), CI | m ∈ Z} and the Vira-
soro algebra V ir = C{L(m), CL | m ∈ Z} are subalgebras of HV ir.
Arbarello et al. (in Ref. [1]) also proved that any irreducible highest
weight module for HV ir is isomorphic to the tensor product of an irreducible
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noindent module for the Virasoro algebra and an irreducible module for
the infinite-dimensional Heisenberg algebra when the central element of the
Heisenberg subalgebra acts in a non-zero way. The structure of the irreducible
representations for HV ir at level zero was studied in Ref. [3]. The Harish-
Chandra modules over HV ir were classified in Refs. [11, 12]. Some structure
properties and representations of the twisted Heisenberg-Virasoro Lie algebra
were obtained in Refs. [7, 8, 9, etc.].
Recently, a number of new classes of infinite-dimensional simple Lie al-
gebras over a field of characteristic 0 were discovered by several authors.
Among those algebras, are the generalized Witt algebras, the generalized Vi-
rasoro algebras introduced in Ref. [16], which are one-dimensional universal
central extensions of some generalized Witt algebras, and the Lie algebras of
generalized Weyl type introduced and studied in Refs. [15,17, etc.].
Motivated by the above algebras, we introduce a new Lie algebra, the
generalized Heisenberg-Virasoro algebra (see Definition 1 in Section 2), which
is a generalization of the twisted Heisenberg-Virasoro Lie algebra HV ir from
the integer ring Z to an additive subgroup M of a field F (The special case
M = Z2 was studied in Ref. [18]). Its Verma modules were studied in Ref.
[14]. In this paper, we mainly study some properties of this Lie algebra.
The paper is organized as follows. In Section 2, we recall some notions of
generalized Witt algebras and the twisted Heisenberg-Virasoro algebra, and
then introduce the definition of the generalized Heisenberg-Virasoro algebra.
In Section 3, we prove that the generalized Heisenberg-Virasoro algebra is
the universal extension of the Lie algebra of generalized differential operators
on a circle of order at least one: L = F{tx∂, ty | x, y ∈ A, ∂ ∈ T }. In
Section 4 and Section 5, we determine derivations and automorphisms of the
generalized Heisenberg-Virasoro algebra.
Throughout this paper, F denotes a field of characteristic zero, and F∗ =
F\{0}. C, Z, N, Z+ denote the filed of complex numbers, the set of all
integers, the set of all nonnegative integers, the set of all positive integers,
respectively.
2 The generalized Heisenberg-Virasoro algebra
First we recall some notions of the generalized Witt algebras as defined in
Refs. [4, 10].
Let A (6= 0) be an abelian group and T a vector space over F. In this
paper, we are only interested in the case of dimT = 1, so we always assume
that T = F∂ throughout this paper. We denote by FA the group algebra
of A over F. The elements tx, x ∈ A, form a basis of the algebra, and the
multiplication is defined by txty = tx+y. We shall write 1 instead of t0. The
tensor product W = FA⊗F T is free left FA-module. We shall usually write
tx∂ instead of tx ⊗ ∂. We now fix a pairing ϕ : T ×A→ F, which is F-linear
in the first variable and additive in the second one. For convenience we shall
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use the following notations:
ϕ(∂, x) = 〈∂, x〉 = ∂(x)
for arbitrary x ∈ A.
There is a unique F-linear map W ×W →W sending (tx∂, ty∂) to
[tx∂, ty∂] := tx+y∂(y − x)∂ (2.1)
for arbitrary x, y ∈ A. This map makes W = W (A, T, ϕ) into a Lie algebra
which is called generalized Witt algebra. Setting Wx = t
xT, x ∈ A, then
W = ⊕x∈AWx
is a graded Lie algebra.
We say that ϕ is nondegenerate if A0 := {x ∈ A : ∂(x) = 0} = 0.
The following theorem is due to N. Kawamoto (Ref. [10]).
Theorem 2.1 (Ref. [10]) Suppose that characteristic of F is 0. Then W =
W (A, T, ϕ) is a simple Lie algebra if and only if ϕ is nondegenerate.
In this paper, we always suppose that ϕ is nondegenerate.
In Ref. [5], the second cohomology group of the generalized Witt algebra
was constructed.
Theorem 2.2 (Ref. [5]) Let W = W (A, T, ϕ) be a simple generalized Witt
algebra and T = F∂ one-dimensional, then H2(W,F) is 1-dimensional and is
spanned by the cohomology class [ψ], where ψ :W ×W → F is the 2-cocycle
defined by
ψ(tx∂, ty∂) = δx+y,0∂(x)
3, x, y ∈ A. (2.2)
The generalized Virasoro algebra is the universal central extension of the
generalized Witt algebra when ϕ is nondegenerate (Ref. [16]).
By definition, the generalized Virasoro algebra V ir is a Lie algebra gen-
erated by {L(x) = tx∂, x ∈ A} and CL subject to the following relations:
[L(x), L(y)] = ∂(y − x)L(x + y) + δx+y,0
1
12
(∂(x)3 − ∂(x))CL
[L(x), CL] = 0.
Now we introduce the algebra of generalized differential operators in Refs.
[15, 16].
Let D be the associative algebra generated by the elements {tx, x ∈ A}
and the element ∂, subject to the following relation:
∂tx − tx∂ = ∂(x)tx, ∀x ∈ A. (2.3)
The algebra D is called the algebra of generalized differential operators. De-
noted by D− the Lie algebra associated with D .
Example. Let A = Z, then the group algebra FA becomes identified with
the algebra of Laurent polynomials F[t, t−1]. Let T be a vector space with
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basis {∂}. Define the pairing ϕ : T×A→ F by setting 〈∂,m〉 = m. Then ϕ is
nondegenerate and the algebra of generalized differential operators is just the
algebra of differential operators with coefficients in the Laurent polynomial
ring.
As a vector space over F, D has a basis {tx∂m, x ∈ A, ∂ ∈ T,m ∈ N}. It
is easy to see that the following relation holds in the associative algebra D .
(tx∂m)(ty∂n) = tx+y
m∑
i=0
(
m
i
)
∂(y)i∂m+n−i, ∀x, y ∈ A,m, n ∈ N. (2.5)
By (2.5) we can see that the generalized Witt algebraW =W (A, T, ϕ) is
a Lie subalgebra of D−, the Lie algebra of generalized differential operators.
The above results lead us to the following definition.
Definition 1. Let T = F∂ and W = W (A, T, ϕ) be a simple generalized
Witt algebra. The generalized Heisenberg-Virasoro algebra L is a Lie algebra
generated by {L(x) = tx∂, I(x) = tx, CL, CI , CLI}, subject to the following
relations:
[L(x), L(y)] = ∂(y − x)L(x+ y) + δx+y,0
1
12
(∂(x)3 − ∂(x))CL;
[I(x), I(y)] = ∂(y)δx+y,0CI ;
[L(x), I(y)] = ∂(y)I(x+ y) + δx+y,0(∂(x)
2 − ∂(x))CL;
[L , CL] = [L , CI ] = [L , CLI ] = 0.
The Lie algebra L has a generalized Heisenberg subalgebra and a gener-
alized Virasoro subalgebra interwined with a 2-cocycle.
Moreover, we shall prove that the generalized Heisenberg-Virasoro algebra
L is the universal central extension of the Lie algebra of generalized differ-
ential operators of order at least one: D1 = F{t
x∂, ty | x, y ∈ A, ∂ ∈ T }.
3 The universal central extension of the generalized Heisenberg-Virasoro
algebra
Now we consider the Lie subalgebra D1 = F{t
x∂, ty | x, y ∈ A} of D−, the
Lie algebra of generalized differential operators.
Theorem 3.1 dimH2(D1,F) = 3.
Proof. Let α be any 2-cocycle of D1 and we set αx,y = α(t
x∂, ty∂), αyx =
α(tx∂, ty) and αx,y = α(tx, ty). Considering α([tz∂, tx], ty), α([tz∂, tx∂], ty),
α([tz∂, tx∂], ty∂) and using the relations:
[tx∂, ty∂] = ∂(y − x)tx+y∂, [tx∂, ty] = ∂(y)tx+y, [tx, ty] = 0,
and the cocycle rule, we get the following
∂(x)αz+x,y = ∂(y)αz+y,x, (3.1)
∂(x− z)αyz+x = ∂(y)(α
x+y
z − α
y+z
x ), (3.2)
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∂(x− z)αz+x,y + ∂(y − x)αx+y,z + ∂(z − y)αy+z,x = 0. (3.3)
The relation (3.1) immediately implies
αx,y =
∂(y)
∂(x0)
δx+y,0α
−x0,x0 , ∀x, y ∈ A, (3.4)
for some x0 ∈ A such that ∂(x0) 6= 0.
By (3.4), αx,y is determined by nontrivial 2-cocycle ψ1 : D1 × D1 → F
defined by ψ1(t
x, ty) = δx+y,0∂(y), for all x, y ∈ A.
From the proof of Theorem 6.1 in Ref. [5], we see that, up to a co-
boundary, it follows that αx,y is determined by nontrivial 2-cocycle ψ2, where
ψ2(t
x∂, ty∂) = δx+y,0(∂(x)
3 − ∂(x)), for all x, y ∈ A.
Setting y = 0 in (3.2) we deduce that
α0x = 0, ∀x ∈ A. (3.5)
Let g : D1 → F be the linear function g(t
x∂) = 0 and g(tx) = 1
∂(x)α(∂, t
x)
if x 6= 0 and g(t0) = 0. Then g induces a 2-coboundary ψg(u, v) = g([u, v]),
u, v ∈ D1. Hence by replacing α with the 2-coboundary α − ψg, we may
assume that α(∂, ty) = 0 for all y 6= 0. Hence by (3.5), we obtain
αx0 = 0, ∀x ∈ A.
Setting z = 0 in (3.2), we have
αyx = 0, ∀x, y ∈ A and x+ y 6= 0. (3.6)
On the other hand, setting y = −z − x in (3.2), we have
∂(x− z)α−x−zx+z = ∂(x+ z)(α
−x
x − α
−z
z ), ∀x, z ∈ A. (3.7)
Let x ∈ A be such that ∂(x) 6= 0. By substituting kx for x and lx for z,
we obtain
(k − l)f(k + l) = (k + l)(f(k)− f(l)), (3.8)
where f(k) = α−kxkx , k ∈ Z.
It follows from (3.8) that all the values f(k) can be computed if f(1) and
f(2) are known. Hence the general solution (3.8) is given by f(k) = ak+ bk2
for some constants a, b ∈ F.
Setting k = 1 and k = 2, we have
α−kxkx =
k
2
(4α−xx − α
−2x
2x ) +
k2
2
(α−2x2x − 2α
−x
x ) (3.9)
for all k ∈ Z, provided that ∂(x) 6= 0.
Let x0 be a nonzero element of A. Using similar considerations in Page
661 of Ref. [5], we obtain
α−xx =
∂(x)
2∂(x0)
(4α−x0x0 −α
−2x0
2x0
)+
∂2(x)
2∂2(x0)
(α−2x02x0 −2α
−x0
x0
), ∀x ∈ A. (3.10)
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Then αyx is determined by a nontrivial 2-cocycle ψ3 : D1×D1 → F defined
by ψ3(t
x∂, ty) = δx+y,0∂(x)
2 and the 2-coboundary ψ′3(t
x∂, ty) = δx+y,0∂(x)
for all x, y ∈ A.
Corollary 3.2 The generalized Heisenberg-Virasoro algebra L is the univer-
sal central extension of the Lie algebra D1 of generalized differential operators
of order at least one.
4 Derivations of the generalized Heisenberg-Virasoro algebra
In this section we shall determine all derivations of the generalized Heisenberg-
Virasoro algebra L .
First, we recall a result about derivations in Ref. [2].
Proposition 4.1 (Ref. [2]) If L is a perfect Lie algebra and Lˆ is a universal
central extension of L, then every derivation of L lifts to a derivation of Lˆ.
If L is centerless, the lift is unique and Der (Lˆ) = Der (L).
Due to Corollary 3.2 in Section 3 and Proposition 4.1, we shall just deter-
mine all derivations of D1 = F{t
x∂, ty | x, y ∈ A, ∂ ∈ T }, the Lie subalgebra
of D−.
We now describe two kinds of derivations of degree 0, which are outer
derivations of D1.
The linear maps σ1, σ2, σ3 : D1 → D1 defined by
σ1(L(x)) = ∂(x)I(x), σ1(I(x)) = 0, ∀x ∈ A,
and
σ2(L(x)) = I(x), σ2(I(x)) = 0, ∀x ∈ A,
and
σ3(L(x)) = 0, σ3(I(x)) = I(x), ∀x ∈ A,
are outer derivations of D1.
Let µ : A → F be an additive map, then the linear map ξµ : D1 → D1
defined by
ξµ(L(x)) = µ(x)L(x), ξµ(I(x)) = µ(x)I(x), ∀x ∈ A,
is also a derivation of degree 0. It is clear that it is an outer derivation if
µ 6= k∂ for any k ∈ F. In fact, if µ = k∂ for some k ∈ F, then ξµ = ad (k∂).
Let A be an abelian group, g an A-graded Lie algebra, and V an A-graded
left g-module. We also denote by Lx resp. Vx the homogeneous components
of D1 resp. V for any x ∈ A.
Proposition 4.2 (Refs. [5, 6]) Every derivation D ∈ Der (g, V ) can be
written as
D =
∑
x∈A
Dx, Dx ∈ Der (g, V )x,
in the sense that for every v ∈ g only finitely many Dxv = 0 and
Dv =
∑
x∈A
Dxv,
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where Der (g, V )x = {σ ∈ Der (g, V ) | σ(Ly) ⊂ Vx+y, ∀y ∈ A}.
A derivation D : g → V is called locally inner (Ref. [5]) if it is a sum
(may be infinite sum) of inner derivations.
Proposition 4.3 (Refs. [5, 6]) Suppose that the following conditions hold.
(1) H1(g0, Vx) = 0 for x 6= 0;
(2) Hom g0(Lx, Vy) = 0 for x 6= y.
Then Der (g, V )x, x 6= 0, consists of inner derivations and consequently
Der (g, V ) = Der (g, V )0 +Der
′(g, V ),
where Der ′(g, V ) is the space of locally inner derivations g→ V .
We now use Proposition 4.3 to prove the following result.
Proposition 4.4
Der (D1) = ad (D1) + Der (D1)0.
Proof. By direct calculation, see Ref. [5].
Theorem 4.5 Assume that A 6= 0 and ϕ is nondegenerate. Then
Der (D1)0 = ad (D1)0 +
∑
µ∈Hom (A,F)
Fξµ +
3∑
i=1
Fσi,
Proof. Since ϕ is nondegenerate, we can suppose that ∂(x) 6= 0 if x 6= 0.
For any D ∈ Der (D1)0 and x ∈ A, we suppose
D(tx) = tx(αx∂ + βx), αx, βx ∈ F. (4.1)
For any y ∈ A, by the fact that [tx, ty] = 0, we obtain that
αx∂(y)− ∂(x)αy = 0. (4.2)
Choose x0 ∈ A such that ∂(x0) = 1 and set a0 = αx0 . So by (4.2) we have
αy = ∂(y)a0, (4.3)
and (4.1) becomes
D(tx) = tx(a0∂(x)∂ + βx), a0, βx ∈ F. (4.4)
Now we suppose that
D(tx∂) = tx(γx∂ + λx), γx, λx ∈ F. (4.5)
Applying D to [ty∂, tx] = ∂(x)tx+y, we obtain
[D(ty∂), tx] + [ty∂,D(tx)] = ∂(x)D(tx+y),
i.e.
γy∂(x)t
x+y+βx∂(x)t
x+y+∂(x)∂(x−y)a0t
x+y∂ = ∂(x)∂(x+y)a0t
x+y∂+∂(x)βx+yt
x+y.
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So ∂(x)∂(x− y)a0 = ∂(x)∂(x+ y)a0 and γy∂(x) + βx∂(x) = ∂(x)βx+y for all
x, y ∈ A. Hence
a0 = 0 (4.6)
and
βx+y = βx + γy, ∀x 6= 0, y ∈ A. (4.7)
Substitute D by D − β0σ3, we can suppose β0 = 0. Setting y = −x in
(4.7), we have
βx = −γ−x, ∀x ∈ A. (4.8)
So (4.4) and (4.5) become
D(tx) = βxt
x. (4.9)
D(tx∂) = tx(γx∂ + λx), βx = −γ−x, λx ∈ F. (4.10)
Applying D to [tx∂, ty∂] = ∂(y − x)tx+y∂, we obtain
γx+y = γx + γy, and ∂(y − x)λx+y = ∂(y)λy − ∂(x)λx. (4.11)
By (4.11)and (4.8) we have γx = βx since γ0 = 0. Then β : A → F de-
fined by β(x) = βx is an additive map. Moreover by using the method as
in Section 3 (see (3.7)-(3.9)) we can deduce that λx = a∂(x) + b for some
a, b ∈ F from (4.11). ReplacingD byD−ξβ−aσ1−bσ2, we infer thatD = 0.
5 The automorphism group of L
Now, we recall a result about automorphisms in Ref. [13].
Proposition 5.1 (Ref. [13]) Let L be a perfect Lie algebra and Lˆ be its
universal central extension. Every automorphism θ of L admits a unique
extension θˆ to an automorphism Lˆ. Furthermore, the map θ → θˆ is a group
monomorphism.
Due to Corollary 3.2 in Section 3 and Proposition 5.1, we shall just de-
termine the automorphism group of D1 = F{t
x∂, ty | x, y ∈ A, ∂ ∈ T }. Set
I = F{tx | x ∈ A}, then I is the unique maximal solvable ideal of D1. Clearly,
if pi is an automorphism of D1, then
pi(I) = I. (5.1)
Denote by r the set of all inner automorphisms of D1, then r is a normal
subgroup of Aut (D1) and r is generated by exp(k ad t
x), x ∈ A, k ∈ F.
For convenience, denote by X(A) the group of characters of A, i.e., the
group homomorphisms A → F∗. Set E = {ε ∈ F∗ | Span F{t
εx, x ∈ A} =
Span F{t
x, x ∈ A}}.
Remark. For example, if A = Z, then E = {1,−1} (see Ref. [14]); if A = Q,
then E = Q∗.
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Lemma 5.2 Let pi ∈ Aut (D1), then there exists η ∈ r, such that
η−1pi(∂) = ε−1∂ + a,
for some ε ∈ E and a ∈ F.
Proof. Assume that
pi(∂) =
∑
z∈A1
λzt
z∂ +
∑
w∈A2
γwt
w,
where λz , γw ∈ F and A1, A2 are finite subsets of A. By (5.1), we can assume
pi(tx) =
∑
y∈A3
ν(y)ty,
where A3 is a finite subset of A. Since [∂, t
x] = ∂(x)tx, we have
[
∑
z∈A1
λzt
z∂ +
∑
w∈A2
γwt
w,
∑
y∈A3
ν(y)ty] = ∂(x)
∑
y∈A3
ν(y)ty .
Then
[
∑
z∈A1
λzt
z∂,
∑
y∈A3
ν(y)ty] = ∂(x)
∑
y∈A3
ν(y)ty. (5.2)
So if z 6= 0, then λz = 0. Moreover, (5.2) becomes
[λ0∂,
∑
y∈A3
ν(y)ty ] = ∂(x)
∑
y∈A3
ν(y)ty. (5.3)
So λ0∂(y) = ∂(x) for all y ∈ A3. Since ∂ is nondegenerate, x = λ0y.
Hence
pi(∂) = λ0∂ +
∑
z∈A2
γzt
z (5.4)
and
pi(tx) = ν(λ−10 x)t
λ
−1
0
x.
So pi(I) ⊆ I ′ = Span F{t
λ
−1
0
x, x ∈ A}. But I = I ′, we deduce that
ε = λ−10 ∈ E .
Therefore
pi(tx) = ν(εx)tεx
and
pi(∂) = ε−1∂ +
∑
w∈A2
γwt
w
where ε ∈ E .
Let
η =
∏
w∈A2,w=0
exp(−
εγw
∂(w)
ad (tw)),
then η−1pi(∂) = ε−1∂ + a, where a = γ0 ∈ F, ε ∈ E .
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Let χ ∈ X(A), ε ∈ E , a, b ∈ F, c ∈ F∗, then there is a unique linear map
θ = θ(χ, ε, a, b, c) : D1 → D1
such that
θ(tx∂) = ε−1χ(x)tεx∂ + (b∂(x) + a)χ(x)tεx, θ(ty) = cχ(y)tεy (5.7)
for all x ∈ A.
It is straightforward to verify that θ is an automorphism of Lie algebra
D1.
Lemma 5.3 Let pi be an automorphism of D1, then there exist b ∈ F, c ∈ F
∗,
χ ∈ X(A), ε ∈ E , such that pi = θ(χ, ε, a, b, c).
Proof. By Lemma 5.2, we can suppose that pi(∂) = ε−1∂ + a and pi(tx) =
ν(x)tεx for some a ∈ F, ε ∈ E and ν(x) ∈ F. By the fact that [tx∂, ty] =
∂(y)tx+y we can deduce that pi(tx∂) ∈ Lεx. So
pi(Lx) = Lεx.
For each x ∈ A, we can suppose that
pi(tx∂) = ε−1χ(x)tεx∂ + τ(x)tεx, (5.8)
pi(tx) = λ(x)tεx, (5.9)
where χ(x), λ(x) ∈ F∗, τ(x) ∈ F. Moreover, χ(0) = 1 and τ(0) = a since
pi(∂) = ε−1∂ + a. We claim that χ(x + y) = χ(x)χ(y) for all x, y ∈ A. It
suffices to prove this for x 6= y. Then by applying pi to
[tx∂, ty∂] = ∂(y − x)tx+y∂ (5.10),
we obtain
[ε−1χ(x)tεx∂ + τ(x)tεx, ε−1χ(y)tεy∂ + τ(y)tεy ]
= ∂(y − x)
(
ε−1χ(x+ y)tε(x+y)∂ + τ(x + y)tε(x+y)
)
. (5.11)
Therefore
χ(x + y) = χ(x)χ(y) (5.12)
and
∂(y − x)τ(x + y) = ∂(y)τ(y)χ(x) − ∂(x)τ(x)χ(y). (5.13)
Suppose that τ(x) = f(x)χ(x), then (5.13) becomes
∂(y − x)f(x + y) = ∂(y)f(y)− ∂(x)f(x). (5.14)
Fix 0 6= x0 ∈ F. By substituting x0 and 2x0 for y in (5.14) respectively, we
obtain
∂(x0 − x)f(x+ x0) = ∂(x0)f(x0)− ∂(x)f(x) (5.15)
and
∂(2x0 − x)f(x+ 2x0) = 2∂(x0)f(2x0)− ∂(x)f(x). (5.16)
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By substituting x0 for x and x+ x0 for y in (5.14), we obtain
∂(x)f(x + 2x0) = (∂(x) + ∂(x0))f(x+ x0)− ∂(x0)f(x0). (5.17)
Since ϕ is non-degenerate, by (5.15)-(5.17), we deduce that
f(x) =
f(2x0)− f(x0)
∂(x0)
∂(x) + 2f(x0)− f(2x0).
So we can assume that f(x) = b∂(x) + a for some b ∈ F.
By applying pi to
[tx∂, ty] = ∂(y)tx+y,
we obtain
[ε−1χ(x)tεx∂ + τ(x)tεx, λ(y)tεy ] = ∂(y)λ(x + y)tε(x+y).
So
χ(x)λ(y)∂(y)tε(x+y) = ∂(y)λ(x+ y)tε(x+y).
Therefore
λ(x + y)∂(y) = χ(x)λ(y)∂(y). (5.18)
By setting x = −y in (5.18), we obtain λ(y) = cχ(y) if y 6= 0, where c = λ(0).
Therefore λ(x) = cχ(x) for all x ∈ A since χ(0) = 1.
By Lemma 5.2 and Lemma 5.3, we have the following result.
Theorem 5.4 Set
aut (D1) = {θ(χ, ε, a, b, c) | χ ∈ X(A), ε ∈ E , a, b ∈ F, c ∈ F
∗},
then
Aut (D1) ∼= r⋊ aut (D1).
Let θ(χi, εi, ai, bi, ci), i = 1, 2 be two automorphisms of D1 defined as in
(5.7), then
θ(χ1, ε1, a1, b1, c1)θ(χ2, ε2, a2, b2, c2)
= θ((χ1 ◦ ε2)χ2, ε1ε2, ε
−1
2 a1 + c1a2, b1 + c1b2, c1c2). (5.19)
Moreover
θ(χ, ε, a, b, c)−1 = θ(χ−1 ◦ ε−1, ε−1,−εac−1,−bc−1, c−1). (5.20)
The map X(A)→ aut (D1) defined by
χ 7→ θ(χ, 1, 0, 0, 1)
is an injective homomorphism. Let N be the image of this homomorphism,
then N is a normal subgroup of aut (D1) by (5.19) and (5.20).
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Set
a = {θ(1, 1, a, b, 1) | a, b ∈ F}, c = {θ(1, 1, 0, 0, c) | c ∈ F∗}.
Clearly
a ∼= F× F, c ∼= F∗,
and a, c are subgroups of aut (D1). Moreover Nac is a normal group of
aut (D1).
Denote by A the image of the endomorphism of aut (D1) defined by
θ(χ, ε, a, b, c) 7→ θ(1, ε, 0, 0, 1). Its kernel is Nac and its restriction to A is
the identity map. Hence aut (D1) ∼= (Nac) ⋊ A and A ∼= E . Therefore we
have the following result.
Theorem 5.5
aut (D1) ∼= X(A)ac⋊ E .
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